DISPERSIVE ESTIMATES FOR MATRIX SCHRODINGER 
OPERATORS IN DIMENSION TWO 
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Abstract. We consider the non-selfadjoint operator 

H = I" -A + n - Vi -V a 

[ V 2 A- M + Vi 

where \jl > and Vi , V2 are real- valued decaying potentials. Such operators arise when 
linearizing a focusing NLS equation around a standing wave. Under natural spectral 
assumptions we obtain L 1 (R 2 ) x L 1 (R 2 ) — s> £°°(R 2 ) x L°°(R 2 ) dispersive decay estimates 
for the evolution e ltH P ac . We also obtain the following weighted estimate 

||li; _1 e* tW P oe /|| i o ( K a )xi o ( K 2 ) < l og 2(| f |) HWIL^R^x.L^R 2 ), 1*1 > 2 , 

with w(x) = log 2 (2 + |as|). 

1. Introduction 
The free Schrodinger evolution on 

(1) e- UA f(x) = C d -^ [ e-^-y\ 2 / it f(y)dy, 

satisfies the dispersive estimate 

l|e- i4A /||oo<^||/||i. 

In recent years many authors (see, e.g., [30l [39l ISS ED [21 SHI [201 El CE3 113 [5], and the survey 
article [13]) worked on the problem of extending this bound to the perturbed Schrodinger 
operator H = —A + V, where V is a real-valued potential with sufficient decay at infinity 
(some smoothness is required for d > 3). Since the perturbed operator may have negative 
point spectrum one needs to consider e ltH P ac (H), where P ac (H) is the orthogonal projection 
onto the absolutely continuous subspace of L 2 (M. d ). Another common assumption is that 
zero is a regular point of the spectrum of H. 

We note that the L 1 — > L°° estimates were preceded by somehow weaker estimates on 
weighted I? spaces, see, e.g., [371 [271 [35]. 
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Although the L 1 — > L°° estimates are very well studied in the three dimensional case, 
there are not many results in dimension two. In [41J, Schlag proved that 

< itr 1 



(2) 



JtHp || 
r ac\\L 1 



->L°°(]R 2 ) 

under the decay assumption \ V\ < (x)~ 3 ~ and the assumption that zero is a regular point 
of the spectrum. For the case when zero is not regular, see |16j . Yajima, [48], established 
that the wave operators are bounded on L P (M. 2 ) for 1 < p < oo if zero is regular. The 
hypotheses on the potential V were relaxed slightly in [29] . 

Note that the decay rate in ([1]) is not integrable at infinity for d = 1,2. However, in 
dimensions d = 1 and d = 2, zero is not a regular point of the spectrum of the Laplacian 
(the constant function is a resonance). Therefore, for the perturbed operator —A + V, one 
may expect to have a faster dispersive decay at infinity if zero is regular. Indeed, in [351 
Theorem 7.6], Murata proved that if zero is a regular point of the spectrum, then for \t\ > 2 

1 JtH ■ 



w^e-P ac (H)f\\ L2 ^ 

w^e UH P ac (H)f\\ L2m < ItrHlogliinK/Hz-' 



< \t\ 



^i/IIl2( K i), 
—2 I 



Here w± and W2 are weight functions growing at a polynomial rate at infinity. It is also 
assumed that the potential decays at a polynomial rate at infinity (for d = 2, it suffices to 
assume that W2{x) = {x)~ 3 ~ and |^(x)| < {x)~ 6 ~ where (x) := (1 + |x| 2 )2). This type of 
estimates are very useful in the study of nonlinear asymptotic stability of (multi) solitons 
in lower dimensions since the dispersive decay rate in time is integrable at infinity (see, e.g., 
[42"1 [5T] ) . Also see [451 El ESI HZ] for other applications of weighted dispersive estimates to 
nonlinear PDEs. 

In [43] . Schlag extended Murata's result for d = 1 to the L 1 — > L°° setting (also see 
for an improved result). In |17| . the authors obtained an analogous estimate for d = 2 
zero is a regular point of the spectrum of H, then 

1 



If 



(3) 



■w 



-y^p ac (#)/ii™ 2) < 



I^/IIl 1 ^ 2 ), 



t > 2, 



|i|log z (|t|, 

with w(x) = log 2 (2 + |x|) provided |^(a;)| < (x}~ 3 ~ . 

In this paper we extend Schlag's result (|2|) and our result (|3j) for the 2d scalar Schrodinger 
operator to the 2d non self-adjoint matrix Schrodinger operator 



(4) 



u = n + v 



+ 



- Vl -v 2 

V 2 Vi 



n>o. 



-A + fj, 
A - /i 

Such operators appear naturally as linearizations of a nonlinear Schrodinger equation around 
a standing wave. Dispersive estimates in the context of such linearizations were obtained 

in [m mi m on m Ea es] . 
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Note that, by Weyl's criterion and the decay assumption on V\ and V2 below, the essential 
spectrum of % is (—00, —fj>] U [fi, 00). Recall the Pauli spin matrix 



0-3 



1 
-1 



As in [19], we make the following assumptions: 

Al) —0-3V is a positive matrix, 

A2) L_ = -A + 11 - Vi + V 2 > 0, 

A3) \Vi(x)\ + \V 2 (x)\ < (x)~P for some (3 > 3, 

A4) There are no embedded eigenvalues in (—00, — fi) U (fi, 00). 

A5) The threshold points ±/i are regular points of the spectrum of T~L, see Definition 14.31 
below. 

As it was noted in |19j . the first three assumptions are known to hold in the case of the 
linearized nonlinear Schrodinger equation (NLS) when the linearization is performed about 
a positive ground state standing wave. Let, for some [i > 0, Tp(t, x) = e jtA V(x) be a standing 
wave solution of the NLS 

(5) + + |vf 7 V> = 0, 

for some 7 > 0. Here (ft is a ground state: 

H<t>- A<f> = 27+1 , 0>O. 

It was proven, see for example |461 [6] . that the ground state solutions exist and further are 
positive, smooth, radial, exponentially decaying functions, see [19] for further discussion. 

Linearizing about this ground state yields the matrix Schrodinger equation with poten- 
tials V x = (7+ l)</> 27 and V 2 = ^4> 21 '. Note that V% > and V x > \V 2 \, which is the same as 
Assumption Al). Assumption A2) holds because of the exponential decay of <j>. Also note 
that L_ = —A + jj, — (p 2 ' 7 > 0, since L_0 = and (f) > 0. The assumption A4) seems to 
hold for this example in the three-dimensional case as evidenced in the numerical studies 
[IS [33]. 

The assumption A5) is also standard, since the behavior of the resolvent near the thresh- 
olds, ±/i, determine the decay rate (see [HI [16] for the scalar case). We do not consider the 
case when the thresholds ±fi are not regular in this paper. 

Our main result is the following 

Theorem 1.1. Under the assumptions Al) - A5), we have 

(6) \\e %m Pacf\\L°°(R 2 )xL°°(R 2 ) ^ TTT II / Hi 1 (R 2 ) xL 1 
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and 

(7) ||w~ 1 e jtw P ac /|| i oo( K 2) xL oo( R 2) < i og 2mn il w /iU 1 (iR 2 )xL 1 (]g3)) 1*1 > 2 , 

where w(x) = log 2 (2 + \x\). 

In an attempt for brevity of this paper, we will try to use the lemmas from the scalar 
results [A3\ [T7] as much as possible. The most important step in the proof of Theorem 11.11 
is the analysis of the resolvent around the thresholds ±/u. Once we obtain these expansions, 
it will be possible to relate and/or reduce the proof to the scalar case for most of the terms. 

In addition to being of mathematical interest, we wish to note that such estimates above 
are of use in the study of non-linear PDEs, particularly the NLS. Much work studying the 
NLS linearizes the equation about groundstate or standing wave solutions. We note, in 
particular, [361 ED S3 EH EH El El CE3J El H] and the survey paper 02] . 

2. Spectral Theory of Matrix Schrodinger Operators 

Consider the matrix Schrodinger operator, given in @, on L 2 (M n ) x L 2 (M n ). Here fi > 
and V\, V2 are real- valued decaying potentials. It follows from Weyl's criterion that the 
essential spectrum of % is (—00, — fi] U [/i, 00), see e.g. [261 EH]- 

For the spectral theory of the matrix Schrodinger operator, we refer the reader to |19j . 
Since most of the proofs presented in [19] are independent of dimension, we cite the results 
without proof. Further spectral theory for the three dimensional case can be found in [3"lll0j. 

Lemma 2.1. |19t Lemma 3] Let ft > be arbitrary in A 2), then the essential spectrum of 
H equals (— 00,— /1] U [fi, 00). Moreover spec(7i) = —spec(H) = spec{T-L) = spec{T-L*), and 
spec{%) C MUilR. The discrete spectrum ofH consists of eigenvalues {zj}jL 1; < N < 00, 
of finite multiplicity. For each Zj ^ 0, the algebraic and geometric multiplicity coincide 
and Ran(T~L — Zj) is closed. The zero eigenvalue has finite algebraic multiplicity, i.e., the 
generalized eigenspace U'^L 1 ker('H k ) has finite dimension. In fact, there is a finite m > 1 
so that ker(U k ) = ker(U k+1 ) for all k>m. 

As in the scalar case, see [23^ [T5] etc., the proofs will hinge on the limiting absorption 
principle of Agmon [2]. We now state such a result from [19] for (H — z)^ 1 for \z\ > \i. 
Define the space 

X a := L 2 ' CT (M 2 ) x L 2 ' a (R 2 ), where L 2 ' a (R n ) = {/ : (x) a f G L 2 (R n )}. 



It is clear that X* = X- a . The limiting absorption principle of Agmon is formulated below. 
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Proposition 2.2. Let /3 > 1, a > g and fix an arbitrary Xq > /x. T/ien 
(8) sup \\\*\\(H - (X±ie))- 1 \\ < oo 

|A|>A ,e>0 

where the norm is in X a — > X- a . 

Proof. See Lemma 4, Proposition 5 and Corollary 6 of [19| . □ 

Using the explicit form of the free resolvent 7£o(A) = (Hq — A) , A (— oo, fj] U [/i,oo) 
(see the next section), one can define the limiting operators {X a — > X- a ) 

TZq(X) := lim H (X±ie), A E (-oo - fi) U (//, oo). 

<E— 5-0+ 

By Proposition 12. 2| for fixed Aq > /i, 



i 



(9) sup |A|2||^(A)||x CT -,x„ CT <oo. 

|A|>A 

One also have the derivative bounds 

(10) sup \\d%K±(X)\\ x ^ x _„ <oo, 



"0 

|A|>A 



for fe = 0, 1, 2 with a > k + \. 



By resolvent identity, one can also define the operators 

Tl v (X) : = lim n v(X ± ie) = lim (?£ - (A ± ie)) 



-1 



for A G (— oo — /i) U (/x, oo) and they satisfy ([9]) and (fl~0|) . see pjj] for details. 

We also need the following spectral representation of the solution operator, see jTSJ 
Lemma 12]. 

Lemma 2.3. Under the assumptions Al)-A5), we have the representation 

e itu = e m Pac + J- e itH P Xj , where 
j 

(11) e m P ac = 1-1 e ux [K v (X) ~ n v {X)] dX, 

and the sum is over the discrete spectrum {Xj}j and P\. is the Riesz projection corresponding 
to the eigenvalue Xj. 

This representation is to be understood in the weak sense. That is for tp, 4> in W 2,2 x 
W 2 ' 2 n X 1+ we have 

(12) (e^,^) = -L f e^dK+W-KyiXM^dX + ^ie^P^i;). 

lm J\\\>ij. j 

In light of this representation, the first claim of Theorem 11.11 follows from the following 
theorem. Let x be a smooth cutoff for the interval [—1,1]. 
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Theorem 2.4. Under the assumptions Al) - A5), we have, for any 



(13) 



sup 

x,y£R 2 ,L>l 



e itx X (X/L)[n+(X) -Ky(\)](x,y)d\ 



A|> M 



<1 
~ 1*1" 



The second claim of Theorem 11.11 follows from the following theorem and Theorem 12.41 
by a simple interpolation (see [TT] ) 

Theorem 2.5. Under the assumptions Al) - A5), we have, for \t\ > 2, 



(14) sup / 

l>i J\: 



jtx 



\\\>n 



x(\/L)[1l+(\) -Ky(\)](x,y)d\ 



< 



y / w(x)w(y) (x) 3 / 2 (y) 3 / 2 
|t|log 2 (|t|) ' 



+ 



where w(x) = log (2 + \x\) and < a < . 

3. Properties of the Free Resolvent 
For z (— oo, — /i] U [/i,oo), the free resolvent is an integral operator 

R (z - /i) 



(15) 



K (z) = (H - z)- 1 







-Rq(-z-h) 

where i?o denoting the scalar free resolvent operators, Rq(z) = (—A — z)~ l , z G C\[0,oo). 
We first recall some properties of Ro(z). 

To simplify the formulas, we use the notation 



to denote 



/ = 0(g) 



d? d? 

_ / = 0( _ 9 ), j = 0,1,2,3, 



If the derivative bounds hold only for the first k derivatives we write / = Ofc(<?). 
Recall that 



(16) 



Ro(z)(x, y )= t -H+(z 1 / 2 \x-y\), 



where ^(z 1 / 2 ) > and are modified Hankel functions 

H ± (z) = J (z)±iY (z). 
From the series expansions for the Bessel functions, see pQ, we have, as z — > 0, 
(17) Hz) = 1 - \z 2 + ^ + 6 (z% 

Y (z) = -(log(z/2) + i)J {z) + - {-/ + A (z 4 ) 

TT TT \ 4 



(18) 



-log(z/2) + ^ + 0(z 2 log(z)). 

TT TT 
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Further, for \z\ > 1, we have the representation (see, e.g., [TJ) 

(19) H+(z) = e iz oj(z), u(z) = 0((1 + \z\)^). 

In the proofs of Theorem 12.41 and Theorem 12, 5 1 without loss of generality, we will perform 
all the analysis on [/i, oo). Writing z = /i + A 2 , A > 0, we have the limiting operators 



(20) 



R±(\ 2 )(x,y) 




where 
(21) 
Thus, we have 



R±(\ 2 )(x, y) = ± l -H±(\\x - y\) = ± % - J (A|x - y\) - \y q (X\x - y\). 



(22) 



-R + ifjL + X 2 )(x, y) - ^ "(/i + X 2 )(x, y) = - 



J (\\x-y\) 




We also have the bound, with i? 2 (A 2 )(x,y) := — ^Hq (iy/2[i + A 2 |x - y\) and for A > 0, 
(23) \R 2 (X 2 )(x,y)\ < l + log-|x-y|, and \d k x R 2 (X 2 )(x, y)\ < 1, A; = 1,2,... 



To establish these bounds consider the cases \/2/j + X 2 \x — y\ < \ and + A 2 |x — y\ > \ 
separately. For the first case we use (fT71) and (fT8l) noting that \x — y\ < ix~ x l 2 < 1, and that 
\d%y/2/j, + A 2 1 < 1. For the latter case, using ()19p . the bound follows from the resulting 
exponential decay. 

Below, using the properties of Rq listed above, we provide an expansion for the matrix 
free resolvent, TZq, around A = (i.e. z = ^l). In the next section, we will obtain analogous 
expansions for the perturbed resolvent. Similar lemmas were proved in |28(, W\\ [T7] in 
the scalar case. The following operators and the function arise naturally in the resolvent 
expansion (see ([T8]) ) 



(24) 
(25) 
(26) 

Note that 
(27) 



Gof(x) = - 


--/ 


log 

2 


9 ± W ■■= 


\ 4 


1 

" 2^ 


Qo{x,y) = 


G (x 



y) 



log(A/2) 



2tt 



Go 



-A 
A — 2/i 



-.H+ii^JIlx - y\ 



(Ho-fil)- 1 . 
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Further, for notational convenience we define the matrices 



M- 



11 



1 




M 



22 




1 



We will use the notation K(x, y)M\\ or KM\\ to denote the operator with the convolution 
kernel 

r K(x,y) 


similar formula holds if K is a matrix kernel. We also use the following notation, for a 
matrix operator M if we write 

|M| < /, or M = O(f) 

with / a scalar-valued function, we mean that all entries of the matrix M satisfy the bound. 

Lemma 3.1. We have the following expansion for the kernel of the free resolvent 

K£(ji + X 2 ){x,y) = g ± {X)M ll + Go(x,y) +E±(\)(x,y). 

Here Go{x,y) is the kernel of the operator in (|26p . g (A) is as in ()25|) . and the component 
functions of Eq satisfy the bounds 

\Et\ < (\) l *\ l 2(x-y) l 2, \d x E±\ < (\)h- l 2(x-y) l 2, \%E±\ < (A)h"3 (x - y)\ . 

Proof. The expansion of the scalar free resolvent was derived in \17\ Lemma 3.1]. For 
the free resolvent evaluated at the imaginary argument, the proof easily follows from the 
properties of the Hankel function listed above. □ 

Corollary 3.2. For < a < 1 and < Z\ < Z2 < Xi we have 

\d x E±{z 2 ) - d x E±{ Zl )\ < z~*\z2 - Zl \ a {x - y)^ +a 

4. Resolvent Expansion Around the Threshold fi 

It is convenient to write the potential matrix as V = —a^vv := V1V2 where V\ = —0-3V, 
V2 = v, and 

= I \ VW+V2 + y/Vi - V 2 VVi + V 2 - VVi - V 2 
V ~ 2 [ y/Vi + V 2 - VVi - V 2 VVt + V 2 + y/Vx - v 2 
By assumption A3), we have 

(28) \a(x)\,\b(x)\<(x)^ 2 , for some P > 3. 
We employ the symmetric resolvent identity 

(29) -R±(n + A 2 ) = -R±{p + A 2 ) - R±(p + X 2 )v 1 (M ± (X))~ 1 v 2 n^(fi + A 2 





a 


b ' 




b 


a 
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where 

(30) M ± (A) = I + v 2 -R± (// + X 2 ) Vl . 

The key issue in the resolvent expansion around the threshold \x is the invertibility of the 
operator M ± (A) for small A. Using Lemma 13, II in (|29p . we can write M ± (A) as 

(31) M±(A) = ff ± (A) U2 M 11 v 1 + T + ^(AK 
where T is the transfer operator on I? x L 2 with the kernel 

(32) T(x,y) = I + v 2 (x)Go{x,y)vi(y). 

Consider the contribution of the term with g ± (\) in (|31|) . Recalling the formulas for v\ and 
v 2 , we obtain 

g ± (\)v 2 M ll v 1 = -g ± {\) " ° " b = -\\a 2 + b 2 \\ L , [m g ± (X)P =:g ± (X)P, 

where g (A) '■= — 1 1 a. 2 + & 2 || J L 1 (]R 2 )f7 =l= (-^); an d P is the orthogonal projection onto the span 
of the vector (a,b) T in L 2 x L 2 . More explicitly 

/ = 1 a 

b 



(33) 



P 
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{a(y)f(y) + Ky)s(y)) dy- 



\\a 2 + b 2 \\ L i, 
This gives us the following expansion: 

Lemma 4.1. Let < a < 1. For A > with M (X), P and T as above. Then 

M ± (\)=g ± (\)P + T + E±(\). 
Further, the error term, = v 2 Ej^v\, satisfies the bound 

II sup A-5|£±(A)||| +|| sup \^\d x E±{\)\\\ 

0<A<Aj 0<A<A! 

+ || sup zl(z 2 -z 1 )- a \d x Et(z 2 )-d x Ef(z 1 )\\\ HS <l, 

0<2l<Z 2 <Al 

provided that a(x),b(x) < (x) _ 2~ Q ~. jJere || • is £/ie Hilbert Schmidt operator norm on 
L 2 x L 2 . 

Proof. The expansion is proven above. The bounds for = v 2 EqV\ follow from the 
bounds for Eq in Lemma 13. II and in Corollary 13.21 since 



(x-y)i +a (x)^- a -(y)-2- a - 



\L%Ll < °°- 



□ 



We make the following definitions. 
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Definition 4.2. We say the operator T : L 2 x L 2 — > L 2 x L 2 with kernel T(-, •) is absolutely 
bounded if the operator with kernel |T(-, - )| is bounded from L 2 x L 2 — > L 2 x L 2 . 

Note that Hilbert- Schmidt operators and finite rank operators are absolutely bounded. 

Definition 4.3. Let Q = I — P be the projection orthogonal to the span of (a, b) T . We say 

H is a regular point of the spectrum H. provided that QTQ is invertible on Q(L 2 x L 2 ). We 
denote (QTQ)- 1 by QD Q. 

Note that by the resolvent identity 

QD Q = Q- QD Qv 2 g v 1 Q. 

Since Q is a projection, it is absolutely bounded. By assumption A3), (f26j) . (124"]) . and (]T9]) . 
we have \v 2 GoVi(x, y)\ < (1 + | log \x — y||)(x)~ 3 / 2 ~(y)~ 3 / 2 ~. This implies that v 2 QqV\ is a 
Hilbert-Schmidt operator. Therefore, QDqQ is a sum of an absolutely bounded operator 
and an Hilbert-Schmidt operator, which is absolutely bounded. 
We also note the following orthogonality property of Q: 

(34) Qv 2 M u = MnUiQ = 0. 

In the scalar case, see e.g. |28} 116] . the invertibility of QTQ is related to the absence of 
distributional L°° solutions of Ht/j = 0. It is possible to prove a similar relationship for the 
matrix case. Define S± to be the Riesz projection onto the kernel of QTQ as an operator 
on Q(L 2 x L 2 ). 

Lemma 4.4. If \a(x)\ + \b(x)\ < and if 4> = (4>i,4>2) S Si(L 2 x L 2 ), then <fi = vfip 

where if) G L°° x L°° and (H — fJ>I)ifi = in the sense of distributions. 

Proof. Since <f> G S\(L 2 x L 2 ), we have Q(p = <ft- Also using Q = I — P, we obtain 

= QTQcp = {I- P)Tcp ={I + v 2 g vi)(t> - P(I + ^2^0^1)0. 

Noting that (a,b) T = t>2(l,0) T , and that P project onto the span of (a,b) T , we have 
PT<p = cof2(l,0) T with Co a constant. Therefore, 

4> = -v 2 GoVi(j) + v 2 (c , 0) T = v 2 ip, 

where = —Q vi(p+ (co, 0) T . By assumption \a(x)\ + \b(x)\ < and <j) G L 2 x L 2 , and 

recalling (]27]) . we have 

(Ho ~ (J>I)Go(vi(f>) = v\4> 
in the sense of distributions. It thus follows that 

("H - M-0V> = (^o - fJ.I)[-Qovi(j) + (c ,0) T ] = -vi<p = -viv 2 ip = -Vtp. 
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Thus (H - fJ,I)ip = 0. 

Now we prove that tp G L°° x L°°. The first bound in (|23l) and the fact that the entries 
of 4> are in L 2 and the entries of V2 are in L°° n L 2 imply that the second entry of ip is 
bounded. We note that the first entry of ip is 

~7T / lo s\x - y\(a(y),b(y))4>(y)dy. 

Since Pep = 0, we can rewrite this as 

~7T I (^g\x - y\ -log \x\)(a(y),b(y))<p{y)dy. 

The boundedness of this integral follows immediately from the bound 

\x - y\ 



log \x — y\ — log |x| 



log 



\x\ 

We refer the reader to Lemma 5.1 of |16| for more details. 



< 1 + log(y) + log \x-y\. 



□ 

It is also possible to prove a converse statement relating certain L°° x L°° solutions of 
{% — nl)ip = to the non-invertibility of QTQ as in Lemma 5.1 and Lemma 5.2 of [16] 
(also see |28j). We don't include these statements and proofs since they can be obtained 
from the scalar case as above. 

The regularity assumption A5) allows us to invert the operators M ± (A) for small A as 
follows: 

Lemma 4.5. Let < a < 1. Suppose that fj, is a regular point of the spectrum ofH. Then 
for sufficiently small Ai > 0, the operators M (A) are invertible for all < A < Ai as 
bounded operators on L 2 x L 2 . Further, one has 

(35) M ± {\)- 1 = h ± (\y 1 S + QD Q + E ± (X), 
Here h ± (X) = 5* (A) + c = -\\a 2 + b 2 \\ L ig ± (X) + c (with c G M.), and 

(36) S = P - PTQD Q - QD QTP + QD QTPTQD Q 

is a finite-rank operator with real-valued kernel. Further, the error term satisfies the bounds 

|| sup A-5|£±(A)||| +|| sup A^|a A ^ ± (A)||| 

0<A<Ai 0<A<Ai 

+ || sup X^ +a ( V - X)- a \d x E ± (7 1 ) - d x E ± (X)\\\ Mq < 1, 



I H S 

0<\<r]<X<X 1 



provided that a(x),b(x) < (x) ?~ 
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Proof. We give a proof for the operator M + (A) , the expansion for M (A) is similar. We drop 
the subscript '+' from the formulas. Using Lemma 14. 1 1 with respect to the decomposition 
of L 2 x L 2 = P(L 2 x L 2 ) © Q(L 2 x L 2 ), 



M(A) 



g{X)P + PTP PTQ 
QTP QTQ 



+ E 1 (X). 



Denote the matrix component of the above equation by A(X) = {aij(X)} 2 =1 . 

Since QTQ is invertible by assumption, by the Fehsbach formula invertibility of A(X) 
hinges upon the existence of d = (an — 012022' ~ a 2i)~ l '• Denoting Dq = (QTQ)^ 1 : Q(L 2 x 
L 2 ) — > Q(L 2 x L 2 ), we have 

a u - a 12 a^a 2 i = g{X)P + PTP - PTQDqQTP = h{X)P 

with h(X) = g(X) + Tr(PTP - PTQDqQTP) = g(X) + c, where c G R as the kernels of 
T, QDqQ and t>i,i>2 are real- valued. The invertibility of this operator on PL 2 for small A 
follows from (|25|) . Thus, by the Fehsbach formula, 



A(X)- 1 



d 



-da,i2 a 22 



dno 0,2\d G"29 0,2\d(l\ 2 0'22 ~^ ^ 



'22 



(37) 



h~ {X) 



P -PTQD Q 
-QDqQTP QD q QTPTQD Q 



+ QD Q =: h- 1 {X)S + QD Q. 



Note that S has finite rank. This and the absolute boundedness of QDqQ imply that A^ 1 
is absolutely bounded. To avoid confusion, we will write S as a sum of four components 
rather than in a matrix form. 
Finally, we write 

M(A) = A(X) + Ei (A) = [1 + E 1 (A)A- 1 (A)]^(A). 

Therefore, by a Neumann series expansion, we have 

-1 



(38) 



M-^X) = A-\X)[1 + E 1 (X)A-\X)] =h(Xy 1 S + QD Q + E(X), 



The error bounds follow in light of the bounds for E\(X) in Lemma 14.11 and the fact that, 
as an absolutely bound operator on L 2 , |t4 _1 (A)| < 1, |<9aj4 -1 (A)| < A -1 , and (for < A < 

V < A i) 

\d x A-\x) - dxA- 1 ^ <(n- xyx- 1 -*. 



In the Lipschitz estimate, the factor A 2 
A-\X). 



arises from the case when the derivative hits 



□ 
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We finish this section by noting that, using Lemma 14.51 in (I29p . one gets 
(39) K%{n + A 2 ) = K± (/i + A 2 ) - + A>i [h* (X)- 1 S + QD Q + E ± (X)]v 2 K± (fi + X 2 ). 

5. Proof of Theorem 12.51 for energies close to /j, 

Let x be a smooth cut-off for [0, Ai], where Ai is sufficiently small so that the expansions 
in the previous section are valid. We have 

3 

Theorem 5.1. Fix < a < 1/4. Let \a(x)\ + \b(x)\ < {x)~z~ a ~. For any t > 2, we have 



(40) 



e 4iA A X (A)[^+(/i + A ) - Ky(n + X 2 )](x, y) dX 



yjw(x)w(y) {x)l{y)l 



t\og\t) ' 

In the proof of this theorem we need the following Lemmas, which are standard and their 
proofs can be found in [17] . 



Lemma 5.2. For t > 2, we have 



o 



< 



-1/2 



\£'(X)\dX + 





1 f 00 











dA. 



Lemma 5.3. Assume that £(0) = 0. For t > 2, we have 



(41) 



'A£(A)dA 



1 



|£'(A)| 



dA 



1 

+ - / If (AVl + vrt-U- 2 ) -«S / (A)|dA. 



Uo (1 + A 2 t) 

We start with the contribution of the free resolvent in (139)) to (I40p . Recall (122)) : 
K+(fi + X 2 )(x,y) -K (fi + A 2 )(x, y) = ~ J (A|x - y|)M n . 

Therefore, the following proposition follows from the corresponding bound for the scalar free 
resolvent, Proposition 4.3 in [TTJ. The proof uses Lemma [5721 with £ (A) = | Jo(A|x — y|). 



Proposition 5.4. We have 



X X (X)[K+(v + A 2 ) -K£(M + A 2 )](x,y) dA 



1 , , ^ / (^) ^ (y) 2 
4t V f 4 



Now consider the contribution of the term involving (h ) 1 S in (|39p to (|40|) . Using 
Lemma 13. II we have 



(42) 



7^,q wi^^d TZ viSv 2 TZ 



(9" 



(ff 



h+ 



-9 1 9 



)MliUi5 , «2M; 



11 



where 



+ (t^t - j^)GoviSv 2 g + (|r - |r)(^n^2So + ao^i^Mn) + £+ - E, 



E n = — 1 — r h - 



2 ! 
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Using the orthogonality property (f34"j) and the definition ([361) of S, we obtain 

M 11 v 1 Sv 2 M 11 = M n viPv 2 M n = -\\a 2 + 6 2 || L i (R2) Mn. 

Also recall that /i ± (A) = -\\a 2 + b 2 \\ L ig ± (X) + c, c G R, and (from (|55]> ) that 3+ (A) = 
— ^- log A + z with g~(X) = g + {X) and z — ~z = |. Therefore we can write 

(43) 62]) = Imu + * Ql 2 M n + *° 2 ^ g v 1 sv 2 g 

2 (log(A) + + cf (log(A) + 6 2 r + ^ 

+ tt^tt^t^^^i^o + g viSv 2 M n ) + e+(\) - s 2 -(a), 

(log(A) + 6 3 ) 2 + c% 

where aj,6j,Cj are real. Using this the following proposition will follow from the bounds 
obtained in [T7] . 

Proposition 5.5. Let < a < 1/4. If \a(x)\ + < (x) _ 2~ a ~ ; t/ien we /iaue 



Jo 



" rx^f g^il A 2 )^^ 2 ^ +(^ + A 2 ) 7^ + \ 2 ) Vl Sv 2 K (n + A 2 ) ] 

1 Mn c ( Vw(x)w(yU +0 f(x) l 2 +a+ (y) l 2 +a+ 



4t V Uog 2 (t) / V 

Proof. First consider the contribution of the first term in (143 p : 

7 f°° 9 1 

-M n jf e^ A A X (A) rfA = --M n + 0(^ 2 ), 

where the equality follows from Lemma l5.2[ 

The contribution of the second summand in (I43p can be handled using the bound 



oc 



/ eitX ' x n 7vTT^2Z 2 d\ = 0(t-\logty 2 ), t>2, 
(log(A) + ciY + & 2 



o 



which is essentially Lemma 4.5 in [17j and it is proved by using Lemma 15.21 

The contribution of the third (similarly the fourth) summand in (j43p can also be handled 
using (j44p along with the bound 



(45) \GoviSv 2 go(x,y)\ 

< \\\ S \\\t2 ,r2 ||^0(^, ^l)wi(^l)||r2 \\Qo(y, yi)v 2 (yi)\\ jl < y/w(x)w(y). 

^ 7 ^ ^x-i 3/1 

The last inequality follows from the absolute boundedness of S, the bound 



(46) \Gq(x,xi)\ < l + |log|x-xi|| < y/w(x) + k(x,xi), 

where k(x, x\) = 1 + log - \x — x\\ + log + and 

\\{^w{x)+k{x,X l )){xi)-^ l2 \\ L2 < y/w(x). 
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We now consider the error term, (A). Note that 
^(A) 



fc±(A) 



ci 



C2 



fc±(A) 



<1, 



^(A) 



A: = 1,2,3,... 



Using this, the absolute boundedness of S, the decay bounds \a(x)\ + \b(x)\ < (x)~2~ a ~ ; 
the bound (|46f) . and the bounds in Lemma [3. II and Corollary 13.21 as in the proof of (|45j) . we 
obtain (for 0<A<r?<A<Ai) 

|5 A ( X (A)ii; 2 ± (A))(x,2 / )| < x(A)((x)(y))U-i 

|(9 A ( X (r ? )ii; 2 ± (r ? ))-5 A (x(A) J E 2 ± (A)))(x,y)| < x(A)(<*) (y))^-^ - Af . 

Therefore the contribution of the error term is controlled by using Lemma 15.31 as in 
Lemma 4.6 of [IT] . □ 

Now we consider the contribution of the term QDqQ in (|39|) to (00]). 

3 

Proposition 5.6. Let < a < 1/4. If \a(x)\ + \b(x)\ < (x)~2~ a ~ , then we have 



e itx2 X X (X) [lZ^v l QD Qv 2 n^ - f R^v 1 QD Q Qv 2 'R^\ (x, y)d\ = 



{x)^ +a+ {y)^ +a+ 



Proof. Using Lemma 13.11 and (|34j) we have 

(47) K+ Vl QD Qv 2 K+ - n oVl QD Qv 2 n o = g oVl QD Qv 2 (E+ - E ) 

+ {E+ - E ) Vl QD Qv 2 g + E+ Vl QDoQv 2 E+ - E oVl QD Qv 2 E =: E 3 . 

Since QDqQ is absolutely bounded, £3 satisfies the same bounds that we obtained for the 
error term E 2 above. □ 

Finally the contribution of E ± (X) in ((HSJ) to (0DJ) can be handled exactly as in Proposi- 
tion 4.9 of [UJ: 

3 

Proposition 5.7. Let < a < 1/4. // \a(x)\ + \b(x)\ < (x)~2~ a ~ } then we have 



e itx2 X X (X) [t4(X 2 ) Vi E + (X)v 2 K+(X 2 ) - TZq (X 2 )v\E~ (X)v 2 TZq (X 2 )} (x,y) dX 



O 



(x)2 +a+ { y y . 

t l+a 



This finishes the proof of Theorem 15.11 
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6. Proof of Theorem 12.51 for energies separated from the thresholds 
In this section we complete the proof of Theorem 12,51 by proving 

Theorem 6.1. Under the assumptions of Theorem 1 2. 5{ we have for t > 2 

(x)t(y)i 



sup 

L>1 



(48) 

where % = 1 — X 



Xx(X) X (X/L)[TZ v (p + A ) - K v Qi + X )](x,y)dX 



< 



3 
t2 



We employ the resolvent expansion 



2M+2 



(49) 



K v = E K±(-VK±r + K±(Vn±) M VK v V(K±V) M K±. 



m=0 



3 3 

We first note that the contribution of the term m = can be bounded by ^^ y ^ by 
integrating by parts twice (there are no boundary terms because of the cutoff). We approach 
the energies separated from zero differently from the small energies. In particular, we won't 
use Lemma |3. 11 but instead employ a component-wise approach. Recall that 

R±(\ 2 )(x,y) 




K±(p + X 2 )(x,y) 







-iH+(i^+V\x-y\ 



For the case m > we won't make use of any cancelation between '±' terms. Thus, we 
will only consider Rq , and drop the '±' signs. Using (fl~6]) , (fT7|) . (fl8|) . and (fl9|) we write 

(50) Ro(X 2 )(x, y) = e-^ x -y\p + {\\x - + p.(X\x - y\), 

where p+ and p_ are supported on the sets [1/4, oo) and [0,1/2], respectively. Moreover, 
we have the bounds 



(51) 



p_(y) =0(l + \ logy|), p+(y) = 0((1 + |y|)- 1/2 ) 



This controls the top left component of the matrix operator. The lower right term can be 
similarly controlled as 



H+{i^2p7+X?){x, y) = e-^^\ x -y\p + (^/2p7Vx?\x - y\) + P -{^/2p7+X?\x - y\ 
As such we can write 



K±(p + X 2 )(x,y) = e 



-i\\x-y\ 



p + (X\x-y\) 

e (iA-V2 M +A 2 )|a-y| /)+ ( v / 2/i + A 2| x _ y |) 

P-{X\x-y\) 0_ 

p^2p + X^\x-y\) 



+ 
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It is easy to see that 

e (i^V^)\*-y\p + (^^2\ x - y \) = 0{ P+ (X\x - y\)), 
p_{s/2p7+>?\x ~ V\) = 0{p-(X\x - y\)). 



Therefore, we can use the right hand side of (|50p for each component of TZq. The argument 
for the high energy now proceeds as in Section 5 of [17j . We provide a sketch of the details 
for the convenience of the reader. 

We first control the contribution of the finite born series in (|49p for m > 0. Note that 
the contribution of the mth term of (|49p to the integral in (|48p can be written as a finite 
sum of integrals of the form 

(52) / / e itx2 X£(X)T\W(x n )d\dx 1 ...dx m , 

JM. 2m JO ~1 

where dj = \xj-\ — Xj\, J U J* is a partition of {1, ...,m,m + 1}, and 

£(X) :=x{\)x{\/L)e-^^ d >X{p + {Xd 3 ) \{ p_{\d t ). 

j£j eeJ* 

Here, with a slight abuse of notation, VF(x) denotes either ±Vi(x) or ±V2(x) (since we 
only use the decay assumption and do not rely on cancelations, this shouldn't create any 
confusion). 

To estimate the derivatives of £, we note that 

l^K(H)]|< (1 + A | )fc+1/2 > k = 0,1,2,..,, 

\d k x[p-(^ 3 )}\<^, k = 1,2, ... 
Using the monotonicity of log" function, we also obtain 

x(A)|p_(Ad,-)| < x(A)(l + | log(Ad i )|) X{ o<Ad,<i/2} < X(A)(1 + log" (Ad,)) < 1 + log"^). 
It is also easy to see that 

ik 

|^x(Vi)|<A- 
Finally, noting that (x)' is supported on the set {A ss 1}, we can estimate 

(53) \s x e\ < m{\ +E(*+ rrk>) H jttjw n . (1 + log ~ ( * )) 



sa»(i + E I rT^)n( 1 + '^(*)) 

keJ y ' £eJ* 

1 m+l m+1 
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We also have 



(54) |^| < x(A) + E (4 + jtA^)) n n I w.u/2 II (l + KsW) 



A2 ^v.- (l + A4) 2 Vii(l + A di )V 2fc/ 

m+l m+l 

<x(A)(A- 2 +^4A-i) n( i + i °g _ (^))^x(A)A^ n^) 1 n( i+i °g _ ^))- 

fceJ teJ* fc=o <=i 

Using Lemma 15.31 (and taking the support condition of x m t° account), we can bound the 
A integral in (|52j) by 

(55) ~ [°°\^}[d\ + - /°° If '(A\/l + ^- X A- 2 ) - £'(A)|dA, 
* 2 Jo A 2 t y 

Using (|53|) . we can bound the first integral in (|55j) by 

m+l m+l m+l m+l 

(56) Hixk) 1 * IJCl + log-C^)) / x(A)A- 5 / 2 dA< H(x k ) l 2 J] (1 + log-(d*)). 

fc=0 ^=1 fc=0 £=1 

To estimate the second integral in (|55|) first note that 

(57) AvA + Tit-U^-A « 4- 
Next using (f5"T|) . ([53]) and ([5l|) . we have (for any < a < 1) 

(58) ^'(Av/l + Trt-U- 2 ) -£'(A)| 

m+l m+l m+l 

< x(2A)A-l <z fc )3 J] (1 + log-(^)) min (l, - [] (a*)) 

fc=0 <=1 fc=0 

m+l m+l 

< t- a x(2A)A"5-" J] (x k )^ a H(l + log-(^)). 

fc=0 ^=1 

Using this bound for a E (1/2, 1], we bound the second integral in (f55|) by 

m+l m+l 

(59) t- a H(x k )^ a Yl(l + log-(d e )) x(2A)A-^ a < 

fc=0 £=1 

m+l m+l 

<t- a H(x k )^ a l\(l + log-(d e )). 

Combining (|56p and ()59|) . we obtain 

m+l m+l 

m\ < t- x - a n <^> |+a n ( x + io s - ^)) 

fc=0 £=1 

Using this (with ~ < a < 2/3 — |) in ([52]) . we obtain 
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m+1 m+1 



ii I 1 -L Mfc^J. til, 

« $ ^ / n ( x ^ 2+a n c 1 + ^g^)) n 

,/K fc=0 <=1 n=l 



|F(s n )| dci ... dx m 

(x )2 +Q (x m+ l)5- 



< 

3 
*2 



To control the contribution of the remainder term in (|49p . we will employ the limiting 
absorption principle, @ and (fTUj) . both for T^o and 7£y. 

Using the representation (|51|) . and the discussion following it, we note the following 
bounds hold on A > Ai > 0, 



I (Aa?-y|) 2 Ax-y > 1 



log(A|x-y|)| 0<A|x-y|<± 

1 

< \-*\x-y\-z(x-yy 



Thus, for a > \ + A; 



(60) ||«(^ + A 2 )(.,.)IU_ CT <A-i / (X ^fe ^ d^<A-!(xr^ fc -^). 

Once again, we estimate the '±' terms separately and omit the '±' signs. 
We write the contribution of the remainder term in (1491) to (1481) as 



i 



poo 

(61) / e iu2 A£(A)(x,y)(iA, 



o 



where 



(62) £(A)(x,y) = x(A) X (A/L)x 

(ra±0u + \ 2 )V(n±(» + A 2 )y) A/ ^(/z + A 2 )(-, x), {Tl±{n + \ 2 )V) M K±(» + A 2 )(-, y)). 

Using ([TOD, ©, and (provided that M > 2) we see that 

(63) |^(A)(x,y)| <x(AMA/ J L)(A)- 2 -(x)l(y)§, A; = 0,1,2. 

This requires that |V(x)| < (x)~ 3 ~. One can see that the requirement on the decay rate 
of the potential arises when, for instance, both A derivatives act on one resolvent, this 
twice differentiated resolvent operator maps X&, — > X_s_ by (fl"0j) . or is in X_5_ by (f60j) . 



The potential then needs to map X_s_ — > Xi, for the next application of the limiting 

2 2 + 

absorption principle. This is satisfied if |V(cc)| < (x)~ 3 ~. 

The required bound now follows by integrating by parts twice: 

'd x £(X)(x,y) 



SB I < \t 



'OO 

-2 



A 



d\<\t\- z (x)7(y)*. 
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7. Proof of Theorem 12.41 for energies close to \i 



In this section we will prove the following 



Theorem 7.1. Under the conditions of Theorem \2.4\ we have 



(64) 



sup / 




t > 



As in Section [5] we will use lemmas from the proof for the scalar case given in [JJJ . 
Using ([39]) . we write 

(65) K+-Ky = 

K+v^h+y^ + QD Q + E + }v 2 K+ + KoVxKh-^S + QD Q + E~]v 2 Kq . 

First note that the contribution of the free resolvent terms in (|65p to (|64p immediately 
boils down to the scalar case because of (122p . 

Note that using ([20]), with R 2 {\ 2 ) = {H^{i^/2^i + A 2 |x - we have ^J(/x + A 2 ) = 
Rq (A 2 )Mn + ^(A 2 )^^. Consider the contribution of '+' terms in ([65]) with QD Q: 

[ii+Afu + ^MsaJwaQDoQ^^Mn + R 2 M 22 } = R£M n v 1 QD Qv 2 M u R+ 

+ R^M llVl QD Qv 2 M 22 R 2 + R 2 M 22 viQD Qv 2 MuRq + R 2 M 22Vl QD Qv 2 M 22 R 2 . 

The bound for the first term is in |41[ Lemma 16], since MhViQDqQv 2 Mh have the same 
cancellation (compare ([Ml) above with (44) in [H]), and mapping properties as vQDqQv 
in [UJ, provided that \a(x)\ + |6(x)| < (x) -3 / 2- . The last term is killed by the '+' and '-' 
cancellation. For the second and third terms, we note that the '+' and '-' cancellation says 
we need only consider 



The following propositions finishes the proof of Theorem 17. II for the contribution of QDqQ 
terms in (|65p . 

Proposition 7.2. 7/|a(x)| + |6(x)| < , then we have 



{R+ - Rq)M 1iVi QD Qv 2 M 22 R 2 + R 2 M 22 v 1 QD Qv 2 M u (R { 



R ). 




A X (A) ((R+ - Ro)M llVl QD Qv 2 M 22 R 2 ) (x, y)d\ < 



1 



t 



The same bound holds for the contribution of R 2 M 22 viQDqQv 2 Mu{Rq — R ). 



The following variation of stationary phase will be useful in the proof. See Lemma 2 in 

[UJ. 
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Lemma 7.3. Let 4>'(0) = and 1 < (ft" < C. Then, 



CO 

e u<t> ^£(X) dX 



m<i*i -5 ^ iA|>i*r 

Proof of Proposition \7.S\ Recall that from (|23p we have 

\R 2 (X 2 )(y x ,y)l\d x R 2 (X 2 )(y x ,y)\ < 1 + log" |yi - 

Also recall that 

(66) i?+(A 2 )(x,xi) - R (X 2 )(x, Xl ) = % -UX\x - x x \) 

= p{X\x - x x \) + e iX \ x ~ x ^x{X\x ~ xi|)w+(A|a; - xi|) + e^^xiM* - x x \)w-(\\x - x x \), 

p(z) = X (z)[l + Ox(z 2 )], u ± (z) = 0((1 + 

The contribution of p is: 

roo 

e itx ' X X (X)p(X\x - x 1 \)(M 11 v 1 QD Qv 2 M 22 )(x 1 ,y 1 )R 2 (X 2 )(y 1 ,y)dx 1 dy 1 dX. 

After an integration by parts, we can bound the A integral above by 

1 f°° d 

Or 1 (l+log-|y 1 -y|)] + - J —( x (X)p(X\x-x 1 \)R 2 (X 2 )(y 1 ,y)) dX 

= 0[t- 1 (l+log-|y 1 -y|)]. 
The last equality follows from the bounds on R 2 and d\R 2 , and by noting that 

\d x p(X\x - xi|)| < \x - xi|x[o,| s -a!i|-i](^)- 

This bound suffices for the contribution of p since QDqQ is absolutely bounded and 
\\v 2 {yi){\ + log" \y - yi\)\\ L 2 yi < 1. 

For the remaining terms in (|66p . we only consider the case of to- and t > (the bound 
for oj + follows from an integration by parts since the phase has no critical point). The 
corresponding A integral is 

Jt#-*\*-*i\ Xx (\)x(\\x - X!|)o;_(A|x - Xl \)R 2 (X 2 )( yi ,y)dX. 

It suffices to prove that this integral is 0[i _1 (l + log" \y x — y\)]. 

The phase, (ft = X 2 — X\x — x x \/t, has a critical point at Ao = \x — x x \/2t. Let 

£ (A) = A X (A)o;_(A|x - x x \)x{X\x - x x \)R 2 (X 2 ){ yi ,y). 



By Lemma 17.31 we estimate the A integral by 

(67) / W0| * + (J^ + H)^ 

'|A-A l<t-V2 7|A-Ao|>*-Va M A - A | z |A-A | 



22 M. B. ERDOGAN, W. R. GREEN 

The first integral in ([671) is bounded by 

Ax(A) 



(l + log-| yi -y|) / 
J\x 



dX, 



'|A-Ao|<t~Va (l + A|x-o?i|)V2 

which is 0[t _1 (l + log - \y% — y\)] if Ao < i -1 / 2 (by ignoring the denominator). In the case 
Ao 3> t -1 / 2 we have A ~ Ao, and thus we can bound the integral by 

rl/2 (l + log-| i<1 -^ ^ (l + log-k-.DAr ( . + bg _ _ 
(1 + Ao|x — xi\) l ' z \x — xi\ L ' z 

Now note that 

X(\\x - xi|) 



\g'(X)\<(l + log-\ yi -y\)- 



(i + x\x- Xl \y/ 2 ' 

Using this, we bound the second integral in (|67p by 



J|A-A |>t- 1 /2 (1 + X\x - x^) 1 / 2 V | A — A | 2 |A - A Q |/ 

We have two cases: Ao -C t~a and Ao > In the former case, we have |A — Ao| ~ A. 

Thus we can bound the integral above by 

x(A|x-xi|) dX 



r x (i + log- \vi-y\) J 

(1 + A)V2 A 



(l + Ajx-xil) 1 ^ A 

r\\ + log- | W -2/|) y * ( * } 1/2 y < r x (l + log- \y x -y\). 



ViA-Ao^t-va V|A-A r (A-Aol 3 / 2 A 3 / 2 / 



In the latter case we bound the integral by 

V --I ' - glj) / > 1/_> 

-A |>t- 1 /2 Ix-Xll 1 / 2 V I A - 

< t-^l + log- |yi - y|)( , (A ° t)1 , 1 2 /2 + | tl/4 , 1/2 + l) < r^l + log- Iwl - 
In the last inequality we used the definition of Ao and the assumption that Ao > i -1 / 2 . 

□ 

We now consider the contribution of '+' terms with S in (|65H to (I64p : 

[R+Mn + ^M 22 ]^[<Af n + ifcM 22 ] = 

+ MhVi5v 2 M 22j R 2 + i? 2 M 22 wi5u 2 Mn-^ + —R 2 M 22Vl QD Qv 2 M 22 R 2 . 
h + h + h + 

The bound for the first term (for the difference of '+' and '-') is in |41[ Lemma 17], it requires 
that |a(a;)| + \b(x)\ < (x)~ 3 / 2 ~. The following propositions take care of the remaining terms. 
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Proposition 7.4. If \a(x)\ + \b(x)\ < (x) -1- , i/ien we have 

e itA2 A X (A)(^y - — -J(i^ 22Vl St; 2 M 22 i? 2 )(x,y)dA = o(-J. 

Proposition 7.5. 7f|a(x)| + |6(x)| < (x) -1- , i/ien we have 

POO , 73+ E>— . / 1 \ 

L «A)(^- F ^)(M 11 „ 1 S„ 2 M 22B2 ) (a; , !/ ) <i A = (-). 

Proof of Proposition \7.4\ It suffices to prove that the A integral is 0[i -1 (l+log - \yi~ y\)(l+ 
log - \xi — x\)] as in the proof of Proposition 17.21 
Noting that 

1 1 c 

h+(X) ~ h~{X) ~ (logA + ci) 2 + C 2' 

and the bounds (|23l) on i? 2 and its derivative, it suffices to prove that 



oc 



jtX 2 A X(A) 



e n T^T5 2 dX = 

(logA + ci) 2 + c^ 

This follows by a single integration by parts. □ 

Proof of Proposition \7.5\ Using (|2ip we have 

fl+(A 2 )(x,xi) Rq(X 2 )(x, Xi ) 
h+{X) h-(X) 

= lMMx ~ Xl ^W(x) + JF(X)) ~ y ° (A|x " Xl|) G^A) - hFJXj) 

= c 2iJ (X\x - ai|))(log A + ci) + 2ic 2 y (A|x - x^) 
(logA + ci^ + c 2 . 

Noting the bounds 

logA + ci _ j Q / logA + ci 

' J 2 



dog A + + 4 ~ md "' WW^ ' = 0(IA) ' 



we see that the proof for the contribution of the term containing Jo follows from the proof 
of Proposition 17.21 since this term satisfies the same bounds that Jo does. 

Essentially the same argument works for the contribution of the Yo term. Indeed, note 
that Yo behaves like Jo for X\x — x±\ > 1, and for A|x — x%\ <C 1, we have the following 
harmless dependence on \x — xx\: 

y(A)y(A|x — xi|)Yb(A|x — xi|) ,_, , _. ... ... IN x 

V , ' : * L rfe 2 — = (1 + log x - X! O x A X A x - x x . 

(log A + ClY + C2 

This estimate follows from the bound 

| log(A|x — xi|)| < | log A| + log - |x — xi|, provided A|x — x\\ < 1. 

□ 
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The bound for the contribution of the error term, E ± , in (JB5J to dMD follows from [HJ 
Lemma 18] since satisfies the bounds that the lemma requires and also TZq satisfies the 
same bounds that R$ satisfies. 

8. Proof of Theorem 12.41 for energies separated from the thresholds 

We note |4H Lemma 3] , which we modify slightly to match the notation we have employed 
throughout this paper. We define 

||W||jc:= sup / (1 + log" \x-y\f\W{y)\dy. 

xgR 2 JR 2 

Lemma 8.1. Let {1,2,..., m} = J U J* be a partition. Then 

/ Xe m ±AE i6J l^ + i-^l)^ (A)x(A/L) Y[ p+ (x\ Xj+l -xj\) 
J 



sup sup 



m—X 

n p-( a i^-i - x t\) dx n \ w ( x k)\ dx i ■ ■ ■ dx m-i < ia^ww 



m—X 

I yy \xk)\u>xi . . . uj) m -x \°\ II vv \\k 

k=X 



In the proof of Theorem 12.51 for energies separated from the threshold, we encountered 
this integral in ([52]). By the discussion in that proof the finite terms of the Born series 
in (|49p can be written as a finite sum of terms in this form where W is ±Vi or dbl^. We 
note that by the decay assumptions on V\ and V2, we always have ||W||k: < cxd. Therefore 
Lemma 18 . 1 1 suffices to handle the contribution of the finite terms of the Born series, (|49H . 

It remains to consider the contribution of the tail of the series (|49p , see (|6ip and (|62|) . 

Note that for X\x — x±\ > 1, the scalar free resolvent i?o(A 2 )(x, x\) has the oscillatory 
term e ± l M x - x i\ _ If a A derivative hits one of the free resolvents at the edges the oscillatory 
term produces \x — x\\ which can not be bounded uniformly in x. This was not an issue in 
the weighted case since we are able to allow some growth in x and y. 

For the non-weighted case this problem is overcome in |41[ Proposition 4] by changing 
the phase in the A-integral by writing 

4(A 2 )(-,,)=e ± *lG ± ,(A)(-). 

Note that oscillatory part changes the phase in the integral and G±^ X (X) and its derivatives 
does not grow in x since differentiating G± X (X) in A produces \x — x±\ — \x\ = 0(\xi\) (which 
can be killed by the decay assumption on the potential). In |41[ Proposition 4], this implies 
the required bound by an application of stationary phase and by using limiting absorption 
principle. 
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Since 7Z satisfies the limiting absorption principle with the same weights, it suffices to 
see that we can define and bound the functions G± )X (X) analogously. Let 

ft±(/z + A 2 )(-,x) = e ±iX Wg± >x (\)(-), 

where 

g±, x {\)( Xl ) = G ± , x (\)(xi)M n + e^ x ^R 2 (X 2 )(x 1 ,x)M 22 . 
It suffices to consider the second summand. Using the definition of R 2 we have 

e^ iX \ x \R 2 {\ 2 ){ Xl ,x) = e ±iX tt xHx - Xll) p( v / 2 f i + A 2 |x - Xl |) e (±^-V^+^)N-^il ) 

where p{u) = 0(log(it)) for u G [0,1/2] and p(u) = 0(u -1 / 2 ) for u > 1/2. We note that 
(see the proof of [411 Proposition 4]), modulo the second exponential factor, this is identical 
to G± t x(\)(xi). Therefore the required bounds follow by noting that 

Qk e (±i\-y/2v+\ a )\x-xi\ = k = 0,1, 2, ... 
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